Abstract. Given p € [1, co), examples of sequences {«^}tcN sucri that for any ergodic dynamical system {X, /?, m, T) the averages 1 N AhM-jjJ2 ftT*x) k=l converge almost everywhere in all Lq{X), q > p, but fail to have a finite limit for some function in LP{X) are shown. Also, sequences such that for all ergodic dynamical systems the averages A\f{x) do not converge for some function / e LP{X) for all 1 < p < co but do converge for all functions in L°°{X) are shown.
Introduction
In this paper, sequences of natural numbers with the property that the averages along them diverge in some LP spaces and converge in others are given. Emerson [7] developed a useful tool to produce such examples and Bellow used it in [1] to construct sequences {h^cn that, for a fixed p, 1 < p < oo, axe universally bad in Lq for 1 < q < p but universally good for all q > p . The question of whether it is possible to produce sequences that are bad in L1 but good in all LP for p > 1 and sequences which are bad in all LP for all p < oo but good in L°° was not answered. The former is relevant when one considers, for example, the sequence of squares, which is a good universal sequence in all LP, p > I, but its behavior in Lx remains unknown to us at the moment. Emerson's tool can further be used to produce such examples. The existence of three types of squences are proved:
(1) for any p , 1 < p < oo, there are sequences {n^KcN which are universally bad on LP but universally good in Lq , q >p; (2) there are sequences {nk}kcn which are universally bad in LP for all 1 < p < oo but universally good in L°° ; (3) for fixed p, 1 < p < oo, there are sequences {«fc}fcCN which are universally bad on Lq , 1 < q < p, but universally good on LQ , q > p , From (1) one obtains sequences which are universally bad on L1 but universally good in Lq for all q > 1. Example (2) is the most curious because one can get convergence of the averages for bounded functions but not for nonbounded ones. The first two examples plus that of Bellow were constructed by starting with a sequence of blocks of consecutive numbers which is universally good in Lx and perturbing it by the right amount to obtain the desired result. Example (3) shows that the block averages are not essential to the construction. Moreover, the sequence can be chosen so that the gap between consecutive terms tends to infinity.
The results of this paper form part of the author's thesis. She would like to express her indebtedness to her advisor, Professor Joseph Rosenblatt, for suggesting the problem and for his helpful comments and advise.
PRELIMINARIES
Denote by (X, B, m) a probability space and F: X -> X a measurepreserving point transformation. The tuple (X, ft, m, T) is called a dynamical system. The point transformation F induces an operator on measurable functions on (X, P, m) defined by F/(x) = f(Tx). By abuse of notation, both of them are denoted in the same way.
Recall that a dynamical system (X, B, m,T) is "aperiodic" if the set of periodic points has measure zero and the system is "ergodic" if F is an ergodic transformation with respect to the measure m . Akf(x) = IJ2T"'Ax) converge a.e. for all / e LP(X), and is called universally bad in LP if for all aperiodic (ergodic) dynamical systems the averages Akf do not converge a.e.
for some feLP(X).
The definitions of good and bad universal are related to the Conze's Principle [6] . Fix a sequence n = {nk}kcm and 1 < p < oo. By Sawyer's extension fo the Banach Principle, for any dynamical system (X, ft,m,T), where F commutes with a mixing family of transformations (see [8] ), if the averages Akf converge a.e. in LP(X), p > 1, there exists a finite constant C, such that m({xeX--^%T"'m\>'])iCf or all / e LP(X). Therefore, one can associate to n a minimal constant 0 < C(n, p) < oo, such that m({x€x:s|^sr"H>A})-c(n,p)f or all / e LP(X), k > 0, and all aperiodic (ergodic) dynamical systems (X,p,m,T). exists a.e. for each f e Lx (X).
We will use the same notation as in Bellow [1] . Let Given a family of pairwise disjoint blocks Bk, consider the elements of Ufc=i &k arranged in increasing order without repetitions. This set can be thought of as a sequence and will be referred to as the block sequence (J^li Bk . Suppose {Dk} is another sequence of pairwise disjoint blocks and disjoint from the Bk's such that both sequences intertwine:
. One can form the sequence (J^Li (Bk U Dk) which is called a perturbation of the original one.
Let {Bk} and {Dk} be as above, and let lk = \Bk\ and dk = \Dk\. where 0 < rk_x < dk_x and 0 < sk < lk. In the first situation, one has the picture:
. In both cases one has,
by the hypothesis of the theorem. Therefore, lim , " = 1 and lim C", =0.
fc-oo 0" + C" fc-»oo C" + 0"
Hence, since lim"_>00/Ijf/(x) exists a.e. for all / e L°°(X) and ]imn^oo(CnA°f(x)/(c" + b")) = 0 for all / e L°°(X), lixn^ A"f(x) also exists a.e. for all / e L°°(X). a F/zt?«, the perturbed sequence UkLi(-*4 uQui)^) is also a universally good sequence in LP(X).
We leave it to the reader to check that the same arguments outlined in Theorem 1.5 and Remark 1.6 work in this context as well. 
Examples
Basic construction. By employing Lemma 1.8, one can construct blocks Bk of consecutive numbers which are good universal in L1. Then, one can perturb those blocks in the sense of Theorem 1.3 to obtain a sequence which preserves the good universal property in an appropriate Lp space. See Bellow [1] and Emerson [7] . Choose the blocks Dk in the following way: for each «, e Ck, choose an integer u e («,-, ni+x) such that Tu(pk) e (0, l/k) and 4M> {"*:}) > k. This can be done since the sequence {n: {nd + pk} e (0, l/k)} has gaps bounded by q>k, the length of the interval («,, ni+x) is at least 4<pk, and ^ > k by Proposition 2.1. As in the previous examples, the sequence Ufc=i(-*4 UQ UZ)fc) is universally good in L9(X), g > p, if 2~Z;t=i a* < oo . Also, it is universally bad in Lq(X) if limjt_>00Q/t(A:/21og2k)x/q = oo because the same arguments in Proposition 1.9 apply to this case. Taking ak = (log3 k/k)x/p , the sequence USttiC^fc UQU Dk) is universally good in Lq(X) for all q > p and universally bad in LP(X). Also, if {nk} is universally good in all LP(X), p > 1, and ak = log3 k/k, the sequence {Jk^i(Bk uQu Dk) is universally good in all LP(X), p > 1, but universally bad in Lx.
Consider the sequence {n2}^ . This sequence was shown by Bourgain [4, 5] to be universally good in all LP , p > 1. However, its behavior in L1 is still unknown. The above example gives a method of perturbing any sequence with gaps going to infinity and which is universally good in all LP spaces, p > I, such that the perturbed one will also have gaps going to infinity and be universally good in LP for all p > 1 but universally bad in L1. This result was also shown by Wierdl [ 11 ] by a different type of perturbation.
